This paper derives a comprehensive analytical dynamic model of a T-shaped beam that includes in-plane and outof-plane vibrations for mid-frequency range analysis, defined here as approximately 1 kHz to 10 kHz. The web, right part of the flange, and left part of the flange of the T-beam are modelled independently with two-dimensional elasticity equations for the in-plane motion and the classical flexural plate equation for the out-of-plane motion. The differential equations are solved with unknown wave propagation coefficients multiplied by circular spatial domain functions, which are inserted into equilibrium and continuity equations at the intersection of the web and flange and into boundary conditions at the edges of the system resulting in 24 algebraic equations. These equations are solved to yield the wave propagation coefficients and this produces a solution to the displacement field in all three dimensions. An example problem is formulated and compared to solutions from Bickford beam theory and finite element analysis. Higher order branch waves are discussed and a simplified symmetric model is presented.
INTRODUCTION
Beams have numerous applications in the aerospace, maritime, automotive, building, and mining industries. They are typically structural members and are designed to resist an external force either applied directly or applied to a body that they are supporting. They provide a concentrated stiffness at one or more locations in a mechanical system that has various design objectives. There is an extremely large body of analytical and experimental papers that model and analyse various types of beams. The first equation of motion of a beam was developed by Bernoulli and Euler and this equation is presented in almost every text on mechanical vibrations. 1 This theory uses the assumption that all sections rotate orthogonal to the neutral axis of the beam. Timoshenko revised this equation so that the rotation angle was a function of the polar inertia of the beam. 2 Beam theory has been made more accurate by the inclusion of higher order displacement functions, usually in the axial direction. Bickford used a third-order polynomial through the thickness of the beam to model the in-plane displacement field. 3 Karama et al. used an exponential function to model the shear distribution in the beam. 4 Other functional distributions are possible and have also been similarly applied to plate theory. 5, 6 Over the years, beams have become more geometrically diverse and their shapes have been modified from rectangular to L-, T-, I-, and H-shaped, channel-shaped, and hollow box designs. Park et al. studied longitudinal wave motion of finite coupled thin plates. 7 Kessissoglou added the flexural motion to the previous reference so that a full three-dimensional analysis of an L-shaped finite plate became possible. 8 Du et al. investigated free vibration of coupled rectangular plates with general boundary conditions, using energy methods to derive the dif- ferential equations of motion. 9 Chen et al. analysed vibrations in box type plate structures. 10 Wang addressed the problem of finite coupled plates whose intersection contained a mass. 11 T-shaped beams have had some investigations, generally applied to concrete or reinforced concrete structures where static analysis and ultimate strength are the major focal points of the research. 12, 13 Langley and Heron derived a method to calculate wave transmission coefficients of plate and beam junctions. 14 Keir et al. investigated coupled rectangular plates with an emphasis on the effect of active control of these systems. 15 Mitrou et al. researched wave transmission in two-dimensional structures using a mixed finite element and wave and finite element methods. 16 Beam reinforced structures have been analysed for many years. A typical example is shown in Fig. 1 . Fluid-loaded stiffened plates have been researched using flexural wave plate models by Mace 17, 18 and Lin and Hayek 19 with a general emphasis on structural acoustic responses. The plate governing equations in a stiffened plate analysis has been extended to admit fully elastic wave propagation by Hull and Welch and this
